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Harmonic Finite Element Analysis for Anisotropic Viscoelasticity

Omri Rand* and Dan Givoli*
Technion—lIsrael Institute of Technology, 32000 Haifa, Israel

A numericalmethodologyfor predicting thelinear anisotropic viscoelastic behavior of bodies that can be uniquely
described in cylindrical coordinates is devised. The methodology is an extension of the Fourier-finite element
method and is based on a combination of finite element discretization in the radial and longitudinal directions
and Fourier decomposition in the angular direction. The proposed method is capable of handling inhomogeneous
polar-orthotropic viscoelastic material properties. In general, the method provides dimensional reduction in the
finite element formulation, which leads to a reduction in the complexity of the numerical model including the
meshing process. Overall, the method is shown to be competent mainly because of the efficient exploitation of the
angular description of the geometry and the properties distribution. A numerical example is given for the analysis
of an orthotropic viscoelastic ring under asymmetric shear loading.

Introduction

OURIER decomposition is a well-established analytical tool

thathasbeen provedtobeefficientin a vastrange of engineering
applications where one or more of the problem dimensions exhibits
periodicity. Classical dynamic problems were treated using Fourier
decompositionin time, whereas the other (spatial) dimensions were
treated differently (see e.g., Refs. 1-4). In other cases where the
structure exhibits axisymmetric geometry, Fourier decomposition
can be exploited by its application to the periodic loading. Typi-
cal examples are classical analyses of cylindrical shells where the
circumferential directions can be described using Fourier decom-
position (see, e.g., Refs. 5-9) or modern long space structures that
exhibit periodicity in the longitudinal distribution of their dynamic
and structural properties. In general, it can be shown that Fourier
analysis is efficient where “smooth” variations are under discus-
sion, while its attractiveness is reduced as the variations become
more abrupt and sharp.

One of the common combinations of Fourier decomposition with
other discretization methods is its combination with the finite ele-
mentanalysis,see, e.g., linear analysesin Refs. 10-14 and nonlinear
analyses in Refs. 15-18. One class of such finite elements methods
are finite strip methods, see, e.g., Refs. 19 and references therein.
As already mentioned, in many cases, such Fourier-finite element
(FFE) methods have been applied to bodies of revolution that un-
dergoasymmetricloading. In such cases the loads are expandedinto
their Fourier-series coefficients of the deformation at each node.
Subsequently, these Fourier-series coefficients become the problem
unknowns. In a linear system a separate solution for each harmonic
can be executed, and later on, any loading variation can be applied
and the elastic response can be constructed using superposition.

Reference 20 presentsa furtherdiscussionof the characteristicsof
the FFE method and a unique version of it for nonlinearheat-transfer
problems. The methodis based on a nonstandardvariational (virtual-
work) form of the problem and finite element formulation in cylin-
drical coordinates. The analysis leads to a system of semidiscrete
equations with respect to the angular direction. The resulting equa-
tions are periodic with respect to the cylindrical coordinate angle.
These equations are then solved using a special-purpose symbolic
manipulationtool®! that ensures harmonic-balance type of solution
up to arequired finite number of harmonics. This FFE method easily
handles asymmetric geometries, namely domains that deviate from
bodies of revolution. The only theoretical geometric restriction is
that the inner and outer boundaries of the given body can be defined
continuously and uniquely in cylindrical coordinates. In addition,
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the thermal material properties are also allowed to be asymmetric
provided that they may be uniquely described in cylindrical coordi-
nates.

The preceding FFE method is extended in the present paper to
the context of the linear elastic behavior of a solid body. Unlike the
thermal analysis demonstratedin Ref. 20, the present case, which is
derived for materials with polar orthotropy,includes two (coupled)
components of the elastic displacement at each point (compared
with a single temperature unknown in the thermal analysis). The
extension therefore includes a suitable finite element discretization,
while the harmonicbalancing procedureis applied to both the radial
and circumferential deformation components.

Once a static solution procedure is presented, the analysis is ap-
plied to the case of viscoelasticmaterials, which are analyzed using
a complex representation of the elastic moduli. From a practical
point of view, this extension doubles the problem size and requires
simultaneous coupled solution of the doubled system. To overcome
this difficulty, an efficient iterative solution, which requires minor
changes in the formulation, is discussed and demonstrated.

The present extension of the FFE methodology establishes a
method that compliments the thermal analysis of Ref. 20. In other
words, it enables a complete thermoelastic analysis where the two
models are employed in a sequential manner. Engineering appli-
cations of such thermoelastic analysis include stationary and rotat-
ing discs, shafts and wheels, solid-fuel engines, and elements of
space structures, which are exposed to periodic incoming solar heat
flux. In each of these cases, the proposed methodology is capa-
ble of handling the periodicity in loading, geometry, and properties
distribution.

To demonstratethe presentmethodologyfeatures, the formulation
presented in this case is restricted to the case of two-dimensional
elasticity. Yet, adding the third longitudinal coordinate requires a
minor additional effort and can be carried out along the lines pre-
sented in what follows.

The theoretical and computational aspects of the proposed FFE
method are discussed in details in Ref. 20 in the context of nonlin-
ear heat problems. The current extension to elastic and viscoelas-
tic problems is technically more involved because of the tensorial
nature of the equations, but all of the numerical properties of the
approach are retained. Reference 20 includes verification of the ap-
proach and discussionon its accuracy, efficiency, and convergence.

Finite Element Formulation
Consider the equations of two-dimensional linear elasticity in
polar coordinates for a material with polar orthotropy (see Fig. 1a).
The differentialequilibriumequationsfor the stresses o;; in this case
are

Urr.r+(1/r)gr9.9+(arr _099/r)+Fr =0 (la)

Ovo.r + (1/1)009.0 +2(0r0/r) + Fy =0 (1b)
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Fig.1b Isotropic circular ring undergoing a sine distribution of shear-
stress loading along half of its outer circumference.
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where r and 6 are the radial and tangential polar coordinates, re-
spectively, and F, and Fj, are the radial and tangential body force
components, respectively. Here, a comma indicates partial differen-
tiation. The involved strains are given by

Grr = ur.r (za)
€ = (1/r)ug e+ (u, /1) (2b)
€9 = %[(l/r)ur.(? +ug, — (ug/1r)] (2¢)

where u, and u, are the radial and tangential displacements, respec-
tively (Fig. 1a). The constitutiverelationsin this case can be written
as

Orr Crr Cr9 0 €rr
ogo ( = | Cro Cog 0 €00 3)
O, 0 0 2G €0

C,,, C,y, Cpg, and G are the elastic moduli. In a polar-orthotropic
material the latter four moduli are independent. In an isotropic ma-
terial C,, = Cgy and 2G = C,, — C,4 so that there are only two in-
dependent moduli.

We write these equations in a symmetric weak form, where the
variable r is treated variationally, whereas 6 is unaffected. To this
end, we multiply Egs. (1a) and (1b) by the test functions w, (r)
and —wy (1), respectively,sum them together, and integrate over the
interval [y, rou ). Then we integrate by parts some of the terms and
use Egs. (2a-2¢) and Eq. (3). This yields

Fout
’ ’ e ro ! ’ ’
/ {wrrcrrur + CrQ(wru(? + wgur) + CrQ(wrur + wrur)
P

G G+ C
—w, (—)ii, — G(w,uy + wji,) + [M}
r r

[d

C
X (w, iy + welt,) + w, (—9>u, — wyrGuy,
r
G C ..
+ G(wytg + weuy) — wy <T>u9 + wy (%)ug

+ E(ra 9)} dr = (wrrarr - erJrQ):;)“m

+ / (w, F, —wy Fy)rdr 4)

in

Here a prime denotes differentiation with respect to r, and a su-
perposed dot denotes differentiation with respect to 6. E(r, 0) is a
correction term that should be added in cases where the geometry
is not axisymmetric. This correction reflects the additional terms
that are required when the partial derivatives with respect to 6 are
carried out along a line for which r is not constant (see Ref. 20 for
more details).

To obtain the finite element formulation, we now expand u, and
uy in finite element shape functions, i.e., in each element

u(r.0) = Y NIOO),  up(r,6) = Y NI ©) (5)

Here a is the index associated with node a of the element, and d
and d? are the unknown nodal displacements.In general, the shape
functions N’ and NY may be different, although it is convenient
to choose N' = N?. Using the Galerkin procedure, we also expand
w, and wy in terms of N’ and N?, respectively. Then we substitute
all these expressions in Eq. (4) and make use of the arbitrariness
of the test functions. This finally results in the system of ordinary
differential equations:

Md,, (6) + Cd,, (6) + Kd(9) = F(0) (6)

Here d(0) is the unknown vector whose entries include d” and d’.
This system has a similar form to that obtained in transient analysis,
although in the latter context a superposed dot denotes differentia-
tion with respect to time rather than with respect to the angle 6.

The expressions for the entries of the matrices M, C, and K and
the vector F are given on the element level by

G
m%:—/}%CJNMQ (72)
r
o
C
m = / Nj<ﬁ>N§dQ (7b)
Q¢ r

m =ml =0 (7¢c)
r=c" =0 (7d)
G+C
= / {N;’C,QN;’ — N'GN!" + N! [M}Ng’ } e
Q¢ r
(7e)
G+C
= / {Njc,gN,;’ — N“GNJ + N’ [M}N,j } ao
Q¢ r
(79)

K = / [N;’rc,,N,:’ +C,o(NI'Nj + NINJ')
o

c
+ N <ﬂ>N,;] aQ (7g)
r
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k00 = / |:—Nf’rGN,f’ +G(NYN} + N'NY')
o

—-N’ <£>N§} aQ (7h)
r

K=kl =0 (71)
f,; = / NrF rdQ + ﬂoul oul(grr)oul - ﬂi{;rin (Urr)in (7.])
Q°
fag = _/ NjFQr dQ — ﬂgmroul(ar(?)oul - ﬂﬁ]rin(o—r(?)in (7k)
a°
Here ma s ;’h, k;’h, and f are the element-level counterparts of the

globalmatrices and vectorM, C, K, and F, respectively,and Q¢ is the
r domain of the element. From Egs. (7a-71) it can be easily verified
that M, C, and K are symmetric matrices. In Eqgs. (7j) and (7k), 8¢,
is defined as 1 if node a is at r =r, and is loaded by traction and
as 0 otherwise, similarly for B . Also, (0,,)outs (07)ins (076)out» and

(0,9)in are the prescribed traction values at the two edges.

Fourier Decomposition

At this stage the unknown nodal displacements d’ and d’ are
expressed by their Fourier sine and cosine coefficients, namely,

No

d©)=d,+ Z d!.(n)cos(nf) +d. (n) sin(nd) (8a)
n=1
No

dj ) = djo + Z d{ff (n) cos(nf) + djs_ (n) sin(n) (8b)

n=1

Substitution of Egs. (8a) and (8b) in Eq. (6) including their deriva-
tives with respectto 6 yields a linear system of 2(2N, + 1) N, equa-
tions and unknowns (where N, is the number of radial nodes). In
the general case the matrices M, C, and K are functions of 6 as a re-
sult of the asymmetry of the geometry and material properties, and,
therefore, the harmonics of the resulting system are fully coupled.
In the later case the construction of the linear system is a straight-
forward but tedious (algebraic and trigonometric) task to which a
considerable analytic effort should be devoted. This task is there-
fore carried out using the special-purpose symbolic analytic tools
reported in Ref. 21. The end result of this step is a linear algebraic
system of equations for the unknown vector:

(d;()’ a0? aa(l)’ ax(l)’ m(l), m(l)

d’ (Ng), ' (Ny). d”.(Ny), d" (Np))"

Viscoelastic Materials

The extension of the present formulation to the case of viscoelas-
tic materials is based on the common complex representation of
these materials (see, e.g., Ref. 22). Subsequently, the elastic moduli
C;j and G [see Eq. (3)] are replacedby Cf +iC/ and G* +iG',
respecuvely, wherei = /—1. C R and GR are usually referred to as
the storage moduli, whereas C 1/ and G’ are known as the loss mod-
uli. Accordingly,the matricesM, C, and K become complex as well,
and Eq. (6) can be written as

[M® +iM"Nd" +id"}.00 +[C* +iC' " +id'},e
+[K® +iK'){d® +id"} = {F* +iF'} 9)

It is now possible to balance the imaginary and real parts of Eq. (9)
separately. This yields

M d%, +Cc*d¥ +K*d" =M'd!,, + C'd', + K'd" + F*

(10a)

Mtd', +ctd', +K*d' = —-M'd%, — C'd¥, — K'd* + F'

(10b)

As shown, each one of Eqs. (10a) and (10b) constitutes the same
system (the left-hand sides of the equations) with different loading
(the right-hand sides of the equations). Thus, sequential solution of
Eqgs. (10a) and (10b) requires a solution of the same system (i.e., the
same inverse matrix is maintained throughout the entire solution)
with differentloading vectors. The process is initiated by an initial
guess (usually zero) for d’, which is substituted in the right-hand
side (RHS) of Eq. (10a). Then, d® is determined and substituted in
the RHS of Eq. (10b), the solution of which yields a corrected value
for d'. The process is repeated until convergence is achieved.
Typically, the imaginary parts of the complex elastic moduli are
small compared with the real parts. Properties of representative
isotropic and composite materials are documented in Ref. 22. It
is common to define the material loss factors as the ratio of the
loss moduli and the storage moduli, namely, n; =C/;/C/S and
¢ =G'/G®. As shown in Ref. 22, the loss factors reach values
of only few percent. These typical values give rise to the excellent
convergence properties of the iterative scheme just described.

Illustrative Results

Figure 1b presents a circular ring undergoing a distribution of
shear stress 0,4 along half of its outer circumference given by
o,9sinf for 0<6<m
0, =
rf 0 for m <0 <2m

A systematic convergence study has shown that 10 harmonics are
sufficient for describing the response for the load under discussion,
and additional terms do not contribute any meaningful changes.

The preceding load distribution has been applied to the outer cir-
cumferenceof anisotropicconcentriccircularring of 7oy /7in = 1.67.
The inner boundary was assumed to be fixed, namely, u, =u, =0
for r =ry,. The loss factors in this case were assumed to be
ne = ng =0.1 (obviously, these values need not be equal, and this
selection is for illustration purposes only). The radial direction has
been divided into nine equal elements (i.e., 10 nodes where node 1
coincides with » = ry, and node 10 coincides with r = r,,). There-
fore, the present analysis includes 2(2N, 4+ 1) N, =420 unknowns
(including boundary nodes).

Figure 2 presents the real component of the displacements per
unit shear-stress magnitude o, at some radial locations vs the an-
gular coordinates 6. The correspondingimaginary parts are shown
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Angular Coordinate, 0 (deg.)

o

Fig.2 Real component of the displacements per unit 5,9 shear stress
at some radial locations vs the angular coordinates 6.
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Fig.3 Imaginary component of the displacements per unit 5,9 shear
stress at some radial locations vs the angular coordinates 6.
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Fig. 4 Maximal absolute value of ug(7) per unit 5,9 as a function of
the Cyg/C,, ratio (C,, and G are constants). The case of Cgo/C,, =1
corresponds to the isotropic case.

in Fig. 3. All of the displacements shown are normalized with re-
spect to r =ry,. As shown, the magnitude of the displacements u,
is higher closer to the loaded outer boundary, whereas the abso-
lute magnitudes of the imaginary parts are roughly only 20% of the
corresponding real parts. The sharpness of the loading variation is
smeared as the radial distance from the outer surface is increased.

Orthotropy effects for this case are presented in Fig. 4, where
the maximal absolute value of u, at radial node 7 per unit 6,4
is plotted as a function of the Cyy/C,, ratio [see Eq. (3)]. In this
case 7;; =1¢ = 0.05 were assumed. As shown, the maximal value
of the preceding radial displacement grows while the moduli ra-
tio is decreased, and for typical orthotropic material this value can
be substantially larger then the one obtained for the isotropic case
C99/Crr =1

Summary

An extension of the FFE method, which is tailored for the linear
elastic and viscoelastic analysis of bodies that may be described in
cylindrical coordinates, has been presented. The method combines
a finite element discretization in the radial and the longitudinal di-
rections and Fourier decomposition in the angular direction. The
method is capable of handling inhomogeneous polar-orthotropic
material properties and enables dimensional reduction of the stan-
dard finite element formulation. The efficiency of the method was
demonstratedby few numericalexamples of linear plane orthotropic
viscoelasticity.

Extensive numerical experimentation, performed in the elastic
case but not presented here, shows that the present method is more
efficient than the standard finite element method when the loading
is relatively smooth with respect to the angular coordinate, whereas
the oppositeis true for sharp angular changes. This is caused by the
increasing number of harmonics that are required for sharp loading
distributions.
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